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Abstract

This paper attempts to present a reliability-based methodology for serviceability assessment of corrosion
affected concrete structures using the performance criterion of structural deflection. A stochastic model for
deflection is developed based on the data produced from an experiment designed to investigate the effect of steel
reinforcement corrosion on structural deterioration. A time-dependent reliability method is employed to quantify
the probability of serviceability failure so that the time for the structure to be unserviceable due to excessive
deflection can be determined with confidence. Factors that affect the serviceability of corrosion affected concrete
structures are also studied using two sensitivity analysis techniques. A merit of the proposed methodology is that
the structural assessment is directly related to design criterion used by structural engineers. It is found that the
deterioration function propsoed in the paper can best represent the effect of corrosion on deflection deterioration. A
reliability-based assessment for structural serviceability can assist structural engineers and asset managers to
develop a risk-informed and cost-effective strategy in the management of corrosion-affected concrete infrastructure.
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1. Introduction

Reinforcement corrosion induced structural failure does not necessarily imply structural collapse but
in most cases manifest the loss of structural serviceability, as characterized by concrete spalling and the
excessive deflection of concrete members (Broomfield 1997, Chaker 1992, Schiessl 1988). Practical
experience (Dhir and McCarthy 1999) and experimental observations (Li 2003) suggest that corrosion
affected concrete structures deteriorate at different rates as measured by strength and serviceability with
the latter deteriorating faster. As an example of concrete flexural members shown in Figure 1 (L1 2003),
at the time that the structural strength deteriorates to about 90% of its initial strength, its serviceability
(represented by deflection) deteriorates to about 60% of its original state under the same test conditions.
The reason for this is attributed to the nature of the problem; the corrosion products exert an expansive
pressure on concrete. Due to the low tensile strength of concrete, this expansive pressure leads to a
domino effect: concrete cracking, spalling and de-bonding between the reinforcement and concrete. All
these effects are prominent once corrosion actively propagates in concrete structures. As a consequence,
the stiffness of the structure reduces and the deflection increases.
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Fig. 1 Structural deterioration under different limit states

The more severe deterioration of structural serviceability explains why so many concrete structures
are seen as “badly” deteriorated (e.g., mass concrete spalling) but still structurally sound. Since the
safety factors (load and resistance factors) used in design for structural strength are usually larger than
those for serviceability (due to the paramount importance of structural safety) the actual risk in loss of
strength is smaller than that in serviceability. This gives rise to the need for a reliability analysis on
corrosion induced structural deflection. On the other hand, since the costs of repairs are usually high for
concrete structures (in addition to the inconvenience to the public due to interruptions during repairing),
it is of practical importance to accurately predict the time for repairs for deteriorated structures so as to
achieve cost-effectiveness in the asset management of concrete structures. It is in this regard that a time-
dependent reliability analysis is in order.

The intention of this paper is to present a reliability-based methodology for serviceability assessment
of corrosion affected concrete structures, embodied with the deflection of flexural members. A
stochastic model for structural deflection is developed based on the experimental data produced from
thirty concrete flexural members with structurally significant size and subjected to simultaneous
corrosion intrusion and service loads. A time-dependent reliability method is employed to quantify the
probability of serviceability failure so that the time for the structure to be unserviceable, due to
excessive deflection, can be determined with confidence. Factors that affect the serviceability of
corrosion affected concrete structures are also studied using two sensitivity analysis techniques. A merit
of the proposed methodology is that the structural assessment is directly related to design criterion used
by structural engineers. The methodology presented in the paper can serve as a tool for structural
engineers and asset managers to make decisions with regard to the serviceability of corrosion affected
concrete structures. Timely maintenance and repairs have the potential to prolong their service life.

2. Formulation of Structural Serviceability

According to design codes and standards, e.g., ACI 318 (1999) and BS 8110 (1997), one of the
performance criteria related to the serviceability of practical concrete structures is to control the
deflection under an acceptable limit. In the theory of structural reliability, this criterion can be
expressed in the form of a limit state function as follows

G(L,A,2) = L(t) - A(f) ()

where denotes structural deflection (load effect) at time ¢ and L(¢) is a critical limit for structural
deflection (resistance) increases with time even under the constant load due to corrosion induced
concrete cracking and spalling. L(f) may change with time although in most practical applications it can
a constant prescribed in design codes and standards. With the limit state function of Equation (1), the

probability of serviceability failure due to excessive deflection, p,, can be determined by
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P, () =P[G() < 0]=P[A(1) = L(1)] 2

As can be seen, Equation (2) represents a typical upcrossing problem, which can be dealt with using
time-dependent reliability methods (Melchers 1999). Time-dependent reliability problems are those in
which either all or some of basic random variables are modeled as stochastic processes. For structural
serviceability problems involving stochastic process of structural deflection, A(#), the structural

serviceability depends on the time that is expected to elapse before the first occurrence of the stochastic
process, A(?), upcrossing a critical limit (the threshold), L(¢), sometime during the service life, [0, tL],

of the structure. Equivalently, the probability of the first occurrence of such an excursion is the
probability of serviceability failure, p,(¢), during that time period. This is known as “first passage

probability” and can be determined by (Melchers 1999)

t
vt

p,(O)=1-[1- p,(O)]e * 3)

where is the probability of serviceability failure due to excessive deflection at time ¢ = 0 and is the mean
rate for the deflection process, A(?), to upcross the threshold, L(f). In many practical problems, the

mean upcrossing rate, U, is very close to zero so that Equation (3) can be approximated as follows

Pa(t)=p,(0)+ [vdr )

0

The upcrossing rate in Equation (4) can be determined from the Rice formula (e.g., Melchers 1999)
v=0; = [(A-L)f,;(LA)dA (5)
L

wherev, is the upcrossing rate of the deflection process A(f) relative to the threshold Z, L is the
slope of L with respect to time 7, A(f)is the time derivative process of A(f) and f| i () is the joint

probability density function for A and A. An analytical solution to Equation (5) has been derived for a
deterministic threshold L in Li and Melchers (1993) and is expressed as

UZ=GA'A¢(L‘”AJ ¢ ity Wil N it 6)
Oy Ox O O i O

where ¢( ) and ®( ) are standard normal density and distribution functions respectively, p and ¢ denote

the mean and standard deviation of A and A, represented by subscripts and “ | ” denotes the condition.
For a given Gaussian stochastic process with mean function, #,(f), and auto-covariance function,

Cu(7;,2;) , the variables in Equation (6) can be determined, according to the theory of stochastic

processes (see, e.g., Papoulis (1965) and Melchers (1999)), as follows

. o.
,UA|A:E[A|A:L]:,UA+PE_A'(L_/UA) (72)

A

GA|A = [O-z (1—/02)]1/2 (7b)
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where
dp, (1)
-~ A S 7C
L ” (7¢)
O*C, (1t 2
AANE s
o, = —al"d0) 7d
A { Gtié‘tj !l—j:| ( )
B C A (t, tj.)
P = 1/2 (7e)
[CAA (ti >ti) . CAA(IJ'JJ‘ ]
and the cross-covariance function is
oC,  (t..t,
CAA(Z‘,'atj):M (7f)
Ot ;

Since it is unlikely that the deflection of a RC structure exceeds a critical limit at the beginning of its
service, the probability of serviceability failure due to excessive deflection at # = 0 is zero, i.e.,

2,(0)=0. Also, since in most practical applications, the critical limit for deflection L(f) is a constant,

0, as prescribed in design codes and standards, the solution to Equation (4) can be expressed, after
substituting Equation (6) into Equation (4) and replacing L(¢) with &, as

_ ! O-Am(t) 5_IUA(Z) -:UA;A(I) ILIA‘A(Z) :UA‘A(Z)
0= 150 ¢( o,(1) } N 000 ) 000 000 ®

At a time that p,(¢) is greater than a maximum acceptable risk in terms of the probability of

serviceability failure, p, , it is the time the structure becomes unserviceable. This can be determined
from the following

p,(T)=zp, )

where T ., denotes the time the structure becomes unserviceable due to excessive deflection. In

principle, p, can be determined from risk-cost optimization of the structure during its whole service

life. This is beyond the scope of the paper and will not be discussed herein but can be referred to, e.g.,
Li (1995) and Thoft-Christensen and Sorensen (1987).

3. Model of Corrosion Induced Deflection

For Equation (8) to be of practical use, i.e., determining the probability of serviceability failure due to
excessive deflection over time, the key is to develop a stochastic model for deflection. For corrosion
affected concrete structures, the deflection increases even under the constant load due to corrosion
induced concrete cracking and spalling, which reduce the stiffness of the structural member, and
importantly, the de-bonding between the reinforcement and concrete. To account for this effect, a
deterioration function is introduced so that structural deflection can be modeled as

A@) = p()A, (10)
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where @(7) is the deterioration function for deflection and A, is the initial deflection of the structure.

In Equation (10), @(¢) is not only random but also time-variant (increasing function with time) due to
the nature of structural deterioration. One advantage of the deflection model of Equation (10) is the use
of relative (i.e., @(¢) = A(f)/A,) rather than absolute values for quantifying deflection deterioration.

This relative measure facilitates the normalization of data collected from different type of structures
(i.e., simple support and cantilever), thereby maximizing the use of data, which is in general scarce.
This is particularly advantageous for statistical analysis of the data due to the increased population.

3.1 Data production

As may be appreciated, the deterioration process induced by reinforcement corrosion in concrete
structures is intricate and complex. In view of the current state of knowledge and understanding of
corrosion propagation and its effect on structural deterioration, both strength and deflection (e.g., ACI
C365 2002, Andrade, et al. 1996, Bentz, et al. 1999, Frangopol, et al. 1997, Liu and Weyers 1998,
Melchers 2001, Otsuki, et al. 2000), it seems that effort to deriving a theoretical model for deflection
deterioration, i.e., the deterioration function ¢(f) in Equation (10), may not lead to a satisfactory

solution. In this paper, the effort is devoted to developing an empirical model for the deterioration
function. This approach can be justified when the historical development of the theories of reinforced
concrete structures is examined (e.g., Mirza, et al. 1979), in which almost all design formulae (e.g.,
deflection and sectional stiffness) are based on large quantity of experiments. In this paper, test data
produced from thirty concrete flexural members with structurally significant size and subjected to
simultaneous corrosion intrusion and service loads are used to derive the deterioration function, @().

Detailed information of the test regime and testing methodology has been published (Li 2001, 2003)
and hence will not be repeated herein except for a brief description as follows.

To investigate the effect of reinforcement corrosion on structural capacity deterioration (including
both the strength and deflection), a comprehensive experiment on large scale concrete cantilever beans
was undertaken by Li (2001, 2003). An overview of test set up and a typical cross section of the test
specimens is shown in Figure 2. For the purposes of developing stochastic models, two replicas were
used for each test specimen to generate a minimum of four sets of data at cantilevers (see Figure 2),
necessary to form a basis for a statistical study. The total number of test specimens was thirty,
consisting of different concrete compositions, e.g., water cement ratio and cement type. Test specimens
were under simultaneous saltwater spray and service loads simulated in a controlled environmental
chamber built specifically for the designed experiment (Li 2001). To achieve measurable deterioration
within a reasonable work period (Francois and Castel 2001), the experiment was conducted under
accelerated conditions for the corrosion process. This requires the calibration tests to address and verify
the applicability of the data and subsequent models acquired under the accelerated conditions to
conditions typical of service. Based on the calibration tests, an acceleration factor was derived to
transform the accelerated (test) time to actual time (Li 2000, 2003). Once applied, the loads were kept
constant on the specimens. The deflection was measured at the cantilever ends of the specimen so that
the combined effect of corrosion on the deflection deterioration due to concrete cracking, spalling and
de-bonding was included, but the effect of creep and shrinkage was excluded in processing data through
calculation (Gilbert 1988). Typical test results, as expressed in mean and coefficient of variation (COV)

of the deterioration function (i.e., @(r) = A(#)/ A, , where A= 10.68 mm for the test specimens shown
in Figure 2) are shown in Figures 3 and 4.
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(a) Test set-up for corrosion induced structural deterioration (photo)
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(b) Detailed cross-section of test specimens
(Specimens are made of normal concrete with water cement ratio in the range of 0.45-0.6. “Y”
stands for rebars with f, =400 MPa and “R” with f, =250 MPa)

Fig. 2 Test used in data production
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Fig. 3 Mean function of deflection deterioration ¢
(R = coefficient of correlation)
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Fig. 4 COV function of deflection deterioration ¢
(R = coefficient of correlation)

3.2 Stochastic model

With these test data, a model of deterioration function for deflection can be derived. Due to the
randomness of deterioration function and its time-variant nature it is justifiable to model it as a

stochastic process, quantified by a mean function, ,(¢), and an auto-covariance function C, (¢,7;).

From regression analysis of the test data in Figure 3, the mean function of ¢ can be expressed as
1, () ==0.01¢ +0.221 +1 (11a)

The coefficient of correlation for this regression is 0.99. Likewise, the COV function V¢’ (t) of ¢ canbe

expressed, based on regression analysis of the test data in Figure 4, as
_ 0.1z
V,(1)=0.1e (11b)

Again the coefficient of correlation for this regression is satisfactory. Thus the auto-covariance function
for, (1), CW (tl.,tj), can be expressed as

Coptst) = PV 1V, (1) 11, (012, 1)) (110

where is (auto-) correlation coefficient for () between two points in time ¢, and ¢,. With u_(7)
Py » p i 7 Hy

and C_ (7,7,), Equations (7a) to (7f) can be used to determine other statistical parameters of (7).

It is acknowledged that thirty test specimens are not sufficient to produce convincing data for the
development of deterioration model (i.e., Equation (11)) since there are many factors affecting the
deflection deterioration. In the wake of lack of existing models for deflection deterioration (see above
references), Equation (11) may serve as a starting point in developing models of deflection
deterioration. Certainly it can be used as an example to demonstrate the reliability analysis of the
corrosion effect on structural deflection. It needs to be noted that, in practical application, the deflection
deterioration model of Equation (11) should be derived based on data obtained from site-specific
measurement on the structure to be assessed.

With the model of deflection deterioration and a code-prescribed deflection limit ¢ =8.33
(span/150) mm, the probability of serviceability failure due to excessive deflection can be computed
using Equation (8) and the results are shown in Figure 5. As can be seen from Figure 5, the correlation

between the deflection at two points in time (i.e., p, ) affects the deflection failure considerably. This

makes sense since the corrosion induced deflection is attributed to many factors, such as corrosion rate,
concrete cracking, de-bonding and the geometry not only at a cross-section but also along the span of
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the structure. These factors are inter-related at different points in time so that the resultant effect, i.e.,
the deflection is correlated at different times. Figure 6 shows that different acceptable limits for the

deflection would lead to different probability of serviceability failure. This is self-evident.
Finally, as a complete picture of serviceability assessment of corrosion affected concrete structures,

the time for the structure to be unserviceable, i.e., T, due to corrosion induced excessive deflection,

can be determined for a given acceptable risk. This is straightforward. For example, from Equation (9)
it can be obtained that 7, = 8.95 years for p, =0.1 and & = span/150. If there is no intervention during

the service period of (0, 8.95) for the structure of concern, such as maintenance and repairs, 7,
represents the time for interventions or the end of service for the structure, based on the performance
criterion of deflection. The information of T, (i.e., time for interventions) is of significant practical

importance to structural engineers and asset mangers of concrete infrastructure in decision-making with
regard to its repairs, strengthening and/or rehabilitation which are usually dependent on the budget

situation of the day. Therefore, when to intervene is the first question to decision-makers.
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Fig. 5 Probability of deflection failure for different correlation coefficient p,
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Fig. 6 Probability of deflection failure for different critical limit & (p, = 0.1)

4. Sensitivity Analysis
As may be appreciated, statistical information is essential to reliability analysis. In view of lack of
full statistical information on basic random variables, it is of interest to identify those random variables
whose randomness and distribution parameters affect the deflection most so that the data production,
such as tests, can focus on those variables. This can be achieved through sensitivity analysis with
respect to design variables of the structure using a sensitivity factor (Novak, et al. 1993). The sensitivity
factor is a measure of the importance of input variables and/or parameters to the output. Practical
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methods of sensitivity analysis for reliability problems are based on first order reliability (FOR) theory,
such as Madsen, et al (1986) and Ditlevsen and Madsen (1996), in which the probability of

serviceability failure, p,, is expressed in terms of a reliability index, [, using the well known
relationship (Melchers 1999)

P () = O[] (12)

In computing the reliability index, the basic random variables X are transformed into standardized
normal space U and the limit state function, G(X, t) (also known as safety margin), transformed to g(U,
t) (Melchers 1999).

As proposed in Ditlevsen and Madsen (1996), the effect of the randomness of design variables on the
probability of serviceability failure can be measured by an omission sensitivity factor. According to
Ditlevsen and Madsen (1996), the omission sensitivity factor with respect to a random variable # can be

i

determined by

B() |U.(¢):u‘ l—au/ﬂ(l)
)= = = 13
“O" 0 e (49

where o is the normal unit vector to the limit state surface g(U, t) at the checking point u” and time ¢
(Melchers 1999). As can be seen the omission sensitivity factor expresses relative error in the value of
reliability index A if an input random variable is replaced by a fixed value (i.e., treated as a

deterministic variable). Thus for those random variables with small relative errors, i.e., ¢, ~1, it may
be appropriate to treat them as deterministic variables if the full statistical information of them is not
available.

For the serviceability assessment of RC flexural members, the deflection process, A(f), can be
expressed in terms of design variables as

A= f(B.E. H,p) (14)

where B and H are width and depth of the cross-section of the structural member and £, is the elastic

modulus of concrete.
Using statistical values of basic design variables given in Table 1, the omission sensitivity factor can
be computed and shown in Figure 7. It can be seen from the figure that the deterioration function ¢

(Phi in the figure) is the most important variable that affects the deflection of corrosion induced
deteriorated structures. This is not only consistent with practical experience but also understandable
since the corrosion, as represented by @, is the source of the deterioration, causing concrete cracking,

spalling and importantly de-bonding between the reinforcement and concrete. All these factors reduce
the deflection. Therefore full statistical information of ¢ 1is essential to structural serviceability

assessment. This may be the justification for more research, in particular, experimental research on the
effect of corrosion on structural deterioration. From Figure 7 it can also be seen that the height of the
cross-section of flexural members, H, is important to structural serviceability (deflection) at the
beginning. But this importance decreases over time once corrosion actively propagates. Figure 7 clearly
shows that some design variables may be treated as deterministic variables, such as the width of the

cross-section of flexural members (i.e., B) and the material property £, .

The effect of input parameters on structural serviceability can be measured by a parameter sensitivity
factor (Bjerager and Krenk, 1989, Madsen, et al 1986). These parameters, denoted collectively as 0,
enter the problem either in establishing limit state functions or in transforming design variables to
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standardized normal variables through u =7(x;6) . The parameter sensitivity factor with respect to

parameter &, can be determined by (Madsen, et al 1986)

) 208 L e OT(30)
00, p EY)

1 I

(15)

where the reliability index is computed at design point w  and the value 6, used in transformation. As

may be appreciated the mean and standard deviation (i.e., p and o) are the most important parameters of
random variables in the context of FOR theory. Thus the sensitivity of structural serviceability to these
two parameters is evaluated and the results are shown in Figures 8 and 9. Again, as can be seen, both
the mean and standard deviation of the deterioration function ¢ (Phi in the figures) are important to
structural serviceability. The negative sign indicates that the effects are inversely sensitive, meaning
that the increase in both p and o results in the decrease of structural serviceability (i.e., /). Again this
makes sense both theoretically in terms of limit state function of Equation (2) and practical experience.
As can also be seen, the effect of the mean of deterioration function ¢ on structural serviceability

decreases with time while that of the standard deviation of ¢ changes little with time.
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Fig. 7 Sensitivity to the randomness of design variables
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Design verinbles

Fig. 9 Sensitivity to the standard deviation of design variables
Conclusions

A reliability-based methodology for serviceability assessment of reinforced concrete structures has
been formulated and applied to the deflection assessment of corrosion affected flexural members. With
a model of deflection deterioration derived from experimental data, the time-variant probability of
serviceability failure can be quantified and the time for the structure to be unserviceable and hence
requiring repairs due to excessive deflection can be determined with confidence. Factors that affect the
serviceability of corrosion affected concrete structures have also been studied using two sensitivity
analysis techniques. It has been found that the deterioration function proposed in the paper can best
represent the effect of reinforcement corrosion on deflection deterioration. It has also been found that

some variables of concrete structures, such the width of cross-section, B and concrete property, £,

may be treated as deterministic variables in serviceability assessment if their full statistical information
is not available. It can be concluded that time-dependent reliability methods are rational tools for
serviceability assessment of corrosion affected concrete structures with a view to determine the time of
repairs and/or rehabilitation for the structures.
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